The caloric curve (excitation energy per particle as a function of temperature) 
Introduction
One of the most important problems in contemporary nuclear physics and astrophysics is the determination of the properties of nuclear matter as functions of density, temperature and the neutron-proton composition. This information is important in understanding the explosion mechanism of supernova, the cooling rate of neutron stars or the processes involved in the formation of the trans-iron elements [1, 2, 3, 4, 5, 6] .
Recent advances in experiments using heavy-ions at high energies and radioactive beams with large neutron or proton excess have made it possible to create not only nuclei at the limits of stability, but also a transient state of nuclear matter with appreciable isospin asymmetry, thermal excitation, and compression [7, 8, 9] .
The production of several intermediate mass fragments in a short time scale during heavy ion collisions is known as nuclear multifragmentation. In multifragmentation experiments, an equilibrated system is always formed and the behaviour of the energy fluctuations suggests that the system undergoes a liquid-gas phase transition. One of the evidences of this transition is the fact that the heat-capacity exhibits a peak at a certain temperature. Although different pictures are normally used in order to describe this phase transition phenomenon [10, 11, 12] , some common features are present in all of them. The caloric equation of state, which is given by the excitation energy per nucleon in terms of the thermodynamic temperature is an important quantity to be investigated in the search for a phase transition. Notice that the temperature at which phase transitions take place experimentally is not the same as the thermodynamic one.
In order to explain recent experimental results, one must study not only the ground and excited states of normal nuclei, but also nuclear states of high excitation and far from stability. In particular it is important to understand the role of the isospin degree of freedom in heavy-ion collisions at intermediate energies and the properties of nuclear matter in the region between symmetric nuclear and pure neutron matters.
The radius, thickness of neutron skins, deformation, binding energy, density distributions, and other properties of radioactive nuclei near the drip lines depend sensitively on the isospin-dependence of the nuclear equation of state (eos). The authors of references [13] and [14] have recently stressed the possibility of extracting the eos of asymmetric nuclear matter through the investigation of these properties as well as via reactions of neutron-rich nuclei at intermediate energies.
The properties of neutron rich nuclei have been studied using, among others, SkyrmeHartree-Fock (shf) and the relativistic mean-field (rmf) theories [15] . In particular it has been shown by Tanihata [13] that in shf the saturation density essentially does not change, but in rmf it decreases rapidly as nuclear matter becomes more neutronrich. Most eos used in the description of neutron stars and supernova are obtained from nonrelativistic models. It is therefore of interest to study the eos, namely the inhomogeneous phase at the liquid-gas phase transition, using relativistic models. The liquid-gas phase transition is probed not only by investigating the properties of neutron stars but also through experimental results obtained in collisions involving heavy-ions and in multifragmentation experiments, already mentioned.
Nucleation process, which is known as the liquid droplet formation in a gas background, is a very old problem with many applications in different areas of physics and chemistry. Newton (1687) and Laplace (1816) dedicated themselves to understand the physics underlying the nucleation theory earlier than the formulation of the zeroth law of thermodynamics in 1913 [16] . In this work we turn into the nucleation process inside nuclear matter.
Within the framework of relativistic models, the liquid-gas phase transition in nuclear matter has been investigated at zero and finite temperatures for symmetric and asymmetric semi-infinite systems [17, 18, 19, 20, 21] . Droplet formation in the liquid-gas phase transition in cold [22, 23] and hot [24] asymmetric nuclear matter in the context of relativistic mean field theory, namely using the non-linear Walecka model (NLWM) [26] has been studied recently using a Thomas Fermi approximation. As shown in Refs. [22, 24] , the optimal nuclear size of a droplet in a neutron gas is determined by a delicate balance between nuclear Coulomb and surface energies. The surface energy favors nuclei with a large number of nucleons A, while the nuclear Coulomb self-energy favors small nuclei.
In a previous work [25] , the influence of the proton fraction in the caloric curve was calculated for nuclei obtained within the framework of the approach mentioned above.
In studying multifragmentation, an input parameter called the freeze-out volume, which simulates a phase transition at constant volume, is normally used [10] . The consequences for the caloric curve of imposing thermalization in a freeze-out volume have also been discussed.
The present work extends our study, by investigating the influence of the temperature in some important quantities related to the droplet formation, such as the surface energy, the neutron skin thickness and the binding energy per nucleon. The importance of the Coulomb interaction and the nucleus proton fraction is investigated. The effects of using different parameterizations are also analysed. In this way, a more complete understanding of the caloric curve is obtained.
The paper is organized as follows. In section 2 the thermodynamical potential in the framework of the Thomas-Fermi approximation is calculated for the NLWM and the twophase coexistence is discussed. In section 3 we present the numerical results. Finally, in the last section the conclusions are drawn.
The Thomas-Fermi Approximation in the Extended

Non Linear Walecka Model
In what follows we describe the equation of state of asymmetric matter within the framework of the relativistic non-linear Walecka model [26] , [27] with the inclusion of ρ-mesons and the electromagnetic field. In this model the nucleons are coupled to scalar-isoscalar φ, vector-isoscalar V µ , vector-isovector b µ meson fields and the electromagnetic field A µ .
The lagrangian density reads:
where and the self-interacting coupling constants κ, λ and ξ. In this work, unless otherwise stated, we use a set of constants usually identified as NL1 [28] , which is not unique, but it gives a good description of the ground state properties of many stable nuclei. The consequences of using different parameterizations is also investigated and, for this purpose, we use two other sets known as NL3 [29] and TM1 [30] . The values of the constants are displayed in table 1 and the most important bulk properties obtained with these three parameterizations are displayed in table 1a.
The basic quantity in the Thomas-Fermi approximation is the phase-space distribution function for protons and neutrons:
where ν i = µ i − V i0 are the effective chemical potentials with µ i being the chemical potentials for particles of type i,
the effective nucleon mass and T is the temperature.
The classical entropy of a Fermi gas is given by
and the thermodynamic potential is defined as
where N p , N n are, respectively, the proton and the neutron number:
From the above expressions we get for (4), in the static approximation,
with
The energy density reads
For later discussion it is convenient to separate E(r, T ) into two parts: the nuclear contribution, E N , and the electromagnetic one; the latter is
The fields that minimize Ω satisfy the equations
where
These coupled differential equations are solved numerically and all relevant quantities which depend on the fields are calculated. Looking for phase transitions in binary systems such as this one requires the study of three kinds of instabilities which can occur: mechanical, diffusive and thermodynamical. The condition for mechanical stability
where P is the pressure and Y p = ρ p /ρ B is the proton fraction. The condition for diffusive stability implies the inequalities
These conditions reflect the fact that in a stable system, energy is required to increase the proton concentration at constant pressure and temperature. Thermodynamical stability is expressed by
where c v is the specific heat and
is the excitation energy per particle. The total energy per particle at temperature T is given by [31] 
where A is the total number of particles in the volume under consideration, defined at the end of section 3, and ε N (T ), ε coul. (T ) denote, respectively, the nuclear and electromagnetic contributions.
The two-phase liquid-gas coexistence is governed by the Gibbs condition
where the primed and unprimed quantities correspond to the two different phases.
In the mean field approximation for infinite nuclear matter, the meson fields are replaced by their expectation values. From the equations of motion, they can easily be obtained [22] and the thermodynamic quantities of interest are given in terms of these meson fields. We have made use of the geometrical construction [32, 33] in order to obtain the chemical potentials in the two coexisting phases for each pressure of interest. In order to obtain the binodal section which contains points under the same pressure for different proton fractions, we have solved eqs. (18) and (19) simultaneously with the following ones:
and
Numerical Results for Finite Systems
The solution for the infinite system gives us the initial and boundary conditions for the program which integrates the set of coupled non-linear differential equations (9) to (12) in the Thomas-Fermi approximation. In this work the numerical calculation was carried out with the iteration procedure described in Refs. [22, 23, 24] .
Some quantities of interest are outlined below. The surface energy per unit area of the droplets in the small thickness approximation is
The proton and neutron radii in the spherical geometry, R i (i = p, n), are defined as
where ρ i,l and ρ i,g refer to the liquid and gas density respectively and R ′ is the value of r for which the fields and density reach their asymptotic gas values.
The neutron skin thickness is defined as [20] 
Other quantities of interest are the number of protons (Z) and neutrons (N) in the droplet, given by
The binding energy per nucleon is
where A = Z + N.
In the sequel we mainly study two nuclei: [7, 8, 35] . On the other hand, two isotopes with quite different number of neutrons are taken in order to study the effect of proton-neutron asymmetry.
In figure 1 , the proton density profiles are plotted with and without the electromagnetic field for the 150 62 Sm 88 at T = 0. The central density is smaller when the Coulomb interaction is considered because more protons are pushed off to the surface. The same behaviour is obtained for any other fixed temperature, whenever both systems, with and without the inclusion of the electromagnetic field are found. Notice, however, that the critical temperature, from which the droplet ceases to exist, is smaller when the electromagnetic field is included, as compared with systems where the Coulomb interaction is disregarded.
In figure 2 , the 150 62 Sm 88 density profiles for the protons are plotted with the inclusion of the electromagnetic field, for temperatures varying from T = 0 to T = 6.5 MeV. The central density decreases with the increase of the temperature and consequently, the hotter the droplet, the larger it is. The same behaviour is observed when the Coulomb interaction is not included and for any other proton fraction. These results are in accordance with those obtained in [34] , with a non-relativistic model.
In table 2, we show the surface energy, the proton radius, the neutron skin thickness, the central density, the binding energy per nucleon and the excitation energy per particle calculated without the inclusion of the Coulomb interaction for the Inversely, the proton radius and the excitation energy per particle increase as the temperature becomes higher. Comparing tables 2 with 3 and 4 with 5, one observes that the non inclusion of the Coulomb interaction gives rise to smaller and denser nuclei with a bigger neutron skin: the Coulomb force pushes the protons to the surface as already mentioned.
It is also seen that the binding energy is always larger for the systems considered without the Coulomb interaction, in the sense that a more negative binding energy reflects a more bound state. This fact is easily explained since the Coulomb interaction tends to move protons apart and hence, diminishes the binding energy. It is however, interesting to notice that the excitation energy increases faster with temperature when the Coulomb energy is taken into account. Being a long range force one could think that there would be essentially no influence on the excitation energy. In fact, for the full calculation, one has ε figure 3 , the effect of the electromagnetic force is clear: if the Coulomb field is taken into account the excitation energy is higher, independently of the proton-neutron asymmetry, i.e. ε * N C (T ) < ε * (T ). Indeed, we should not forget that the Coulomb force affects the proton distribution function and, therefore, all properties of the nucleus. As already mentioned before, we remind that in tables 3 and 5, the last temperature (6.5 MeV) is the one at which the droplets cease to exist within our framework, since we are not able to obtain convergence for a droplet of the size considered at higher temperatures; the same is not true in tables 2 and 4, where droplets can still be found for temperatures larger than 9 MeV.
In tables 6 and 7, we compare for the nuclei Sm 104 , respectively, the results obtained for the quantities already mentioned above, when different parameterizations are used. We have considered three values of the temperature and included the Coulomb interaction. As previously noticed for the parameterization NL1, also for the other two parameterizations, the surface energy, the central density and the binding energy per particle decrease with the increase of the temperature, while the proton radius and the excitation energy per particle increase, under these conditions. At T = 0, the results given by all the parameterizations considered are quite similar.
This reflects the fact that all the parameterizations have been fitted to the ground-state properties of stable (NL1) or stable and unstable (NL3 and TM1) nuclei. However, for finite temperatures some differences must be referred. Although at T = 0 the surface energy is essentially the same for the 3 parameterizations, it is seen that for NL1 it reduces much faster with T , while in the TM1 it suffers the smallest reduction. This is true for both proton fractions, Y p = 0.41 and 0.37. In the last case, however, σ reduces faster with T for all parameterizations.
The neutron skin thickness, Θ, is not sensitive to the temperature, but it is interesting to observe that, for a given T , it assumes smaller values for NL3 and TM1 than for NL1.
This behaviour was already discussed in [27] for T = 0 and is related with the smaller values predicted to the symmetry energy for nuclear matter in NL3 (37.4 MeV) and in TM1 (36.9 MeV) as compared to NL1 (43.5 MeV). Also related with these values are the slightly higher binding energies and the slowlier increasing of the excitation energies with temperature for the NL3 and TM1 parameterizations.
In tables 8 and 9 several properties of isotopes with Z = 62 are listed for T = 0 and T = 5 MeV, respectively. One conclusion can immediately be taken: the protonneutron asymmetry makes the nuclei softer at higher temperatures and properties like the surface energy, the central density or the proton distribution radius vary much more with the number of neutrons if temperature is different from zero. It is important that a parameterization of the surface energy with temperature takes into account the isospin dependence. The decrease of the central density with the decrease of the proton fraction is typical of relativistic mean-field models. This feature is different from the prediction of the Skyrme-Hartree-Fock calculations [14] , where the central density does not change with the proton fraction. We confirm that temperature has no effect on the neutron skin.
In figure 4 , we show the proton density profiles for Z = 62 and different proton fractions, at T = 5 MeV. We observe that the proton central density increases with the proton fraction.
In figure 5 we show the caloric curves obtained with the Coulomb interaction, for [7] (diamonds) and [35] (stars), and the Fermi-gas law ε * = 1/k T 2 , with k = 13.0 (thin dashed line). We conclude that the excitation energy for 166 Sm (thick dashed curve), proton fraction 0.37, increases slowlier with temperature than for 150 Sm (thick full curve), proton fraction 0.41. These two curves are consistent with data of [35] and a level density parameter A/k, k = 13.0 in the Fermi gas model relation. The calculation at T = 5 MeV, for the proton fractions represented in the figure, shows that the caloric curve is sensitive to the proton-neutron ratio in the compound nucleus.
Conclusions
In summary, we have studied the surface properties and the excitation energies of arising droplets in a vapor system for temperatures up to 6.5 MeV. The droplets are described in terms of a Walecka-type model within the Thomas-Fermi approximation. It was shown that, for a fixed temperature, nuclei have a softer behaviour with the decrease of its proton fraction, namely the surface energy and the central density are smaller and the proton radius becomes larger. We have also concluded that the neutron skin is independent of the temperature. Another important conclusion refers to the effect of the Coulomb interaction: it reduces the central density of nuclei, as well as the neutron skin, since the protons are pushed out to the surface, and increases the excitation energy.
We have also compared the behaviour with temperature of the results obtained within three different parameterizations of the non-linear Walecka model, as previously referred, NL1 [28] , NL3 [29] , TM1 [30] . It was shown that, at T = 0, the three parameterizations
give similar results but, at finite temperature, some of the properties investigated exhibit different behaviours: in the NL1 parameterization, the nuclei reacts in a softer way to temperature, while in the TM1 parameterization the properties of nuclei change slowlier with temperature. The excitation energies of droplets either corresponding to 150 Sm or 166 Sm, for temperatures between 3 and 6.5 MeV, are consistent with the caloric curve in the Fermi gas approximation with a level density parameter A/13. This result agrees with experimental data obtained in heavy-ion collisions at intermediate energies [35] . We show that the caloric curve is sensitive to the proton fraction and therefore to the symmetry term of the model used. It is also shown that close to the critical temperature the three parameterizations tested give different results. Experimentally the dependence on the proton fraction could be studied by comparing data obtained from sources with different proton fractions. and 0.44), the experimental data from [7] (diamonds) and [35] (stars), and the Fermi-gas law [35] (k = 13.0 -thin dashed line) are also displayed.
